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ABSTRACT

Wavefront curvature must be taken into account in highly squinted
SAR applications, such as runway imaging from an aircraft ap-
proaching for landing. Theω−k algorithm, which successfully in-
corporates wavefront curvature into the processing, shows certain
aberrations in the highly squinted case, depending on the accuracy
of the interpolation and the location of the targets in the scene. An
alternative SAR inversion method performs a more general basis
decomposition of the imaging kernel in order to accurately model
the wavefront curvature. This general inversion method is inher-
ently robust to noise, however, it is computationally much more ex-
pensive. The performance of theω−k algorithm can be improved
by increasing the computational load only linearly [1]. Here we
make a fair comparison of the two methods, where they are con-
strained to use the same amount of computation.

1. INTRODUCTION

Synthetic Aperture Radar (SAR) is used to produce high-resolution
radar imagery [2]. SAR typically employs a plane-wave approx-
imation of the wavefront. However, in some cases, including in
runway imaging from an approaching aircraft, wavefront curva-
ture must be taken into account [3]. The so-calledω−k algorithm
increases resolution by accurately modeling the actual spherical
wave [4, 5]. In runway imaging, the radar looks almost straight
ahead, which makes the squint angle close to 90 degrees. In such
a high-squint-angle case, theω − k algorithm shows certain aber-
rations depending on the location of the target in the scene and
accuracy of the interpolation. Based on our analysis of theω − k
algorithm, we have found out that the accuracy of the interpola-
tion, and hence the overall image quality, can be improved simply
by increasing the number of temporal samples in the collected data
[1]. This increases the overall computational complexity only lin-
early in the number of temporal samples.

Even though it is computationally attractive, theω − k algo-
rithm may not be the optimal way to solve the highly squinted SAR
imaging problem. We, therefore, consider using another algorithm
that accurately models the wavefront curvature. This method is a
general inversion algorithm which has been suggested for the nu-
merical solution of the Fredholm integral equation of the first kind
[6]. It was originally applied to borehole induction measurements,
and has been formulated for SAR inversion as well [7]. We will
refer to this approach as the general inversion method (GIM). The
ω − k algorithm decomposes the imaging kernel in a Fourier ba-
sis, while GIM makes a similar decomposition in a more general
orthogonal basis. This enables a better representation of the data.

Hence, GIM is expected to produce reconstructions with less se-
vere aberrations that depend on the location of the target in the
scene. Furthermore, the method is inherently robust to measure-
ment noise. However, this general decomposition brings a heavy
computational burden.

Both theω − k algorithm and GIM have been suggested for
imaging a runway from an approaching aircraft during landing in
order to determine whether there is any object either on or near the
runway that would make the landing unsafe [8]. In this study, our
objective is to make a comparison between the image reconstruc-
tion performances of theω− k algorithm and GIM for the runway
imaging scenario where the squint angle is close to 90 degrees.
Since the performance of theω − k algorithm can be improved by
a linear increase in the amount of computation, a fair comparison
of the two methods involves allowing theω − k algorithm to use
as many computations as GIM uses. In the following, we describe
the data model and briefly explain both of the methods before we
present the simulation results and discussion.

2. DATA MODEL AND ω − k PROCESSING

Figure 1 describes the geometry of the data collection scenario in
the ground plane. The radar platform is an aircraft approaching
a runway for landing. The runway lies along they axis straight
ahead of the aircraft. The elevation of the aircraft is omitted in the
following but the generalization of the data model to slant range
geometry is straightforward. The squint angleγ0 of the scene
center(X0, Y0) with respect to the origin of the coordinate sys-
tem is typically close to 90 degrees. At regular spatial intervals
along the synthetic aperture, the radar transmits a pulse and col-
lects the return. The transmitted signal is the real part of the pass-
band signalsT (t) = p(t) exp (jω0t). For a linear FM pulse,
p(t) = exp

(
jαt2

)
for |t| ≤ τp/2 and zero otherwise. Here

ω0 = 2πf0 is the angular center frequency of the chirp signal
and2α is the chirp rate. Deramping the return signal yields, after
omitting known and negligible terms (see [1] for details),

s(ω, y) =

∫ ∞∫
−∞

g(x′, y′)f(x′, y − y′; ω) dx′dy′ (1)

wheref(x′, y; ω) = exp (j2kr(x′, y)) is theimaging kernel. The

range function is given asr(x′, y) = [x′2 + y2]
1
2 when the radar

is at locationy on the flight path and the coordinates of a partic-
ular scatterer are given by(x′, y′). The wavenumber is given by
k = ω/c, whereω = ω0 + 2α(t − τ0) with τ0 = 2R0

c
andR0



being the distance from the origin of the coordinate system to the
center of the target scene. We assume that the scene area is il-
luminated uniformly within the range of observation angles and
g(x, y) vanishes outside the scene area. Representing the imag-
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Fig. 1. Geometry of SAR data collection for runway imaging.

ing kernel by its approximate Fourier transform yields, (see [1]
and references therein),S(ω, ky) ≈ A G(

√
4k2 − k2

y, ky) where
S(ω, ky) is the one-dimensional Fourier transform ofs(ω, y) and
G(kx, ky) is the two-dimensional Fourier transform ofg(x, y). A
is a complex constant. Taking the two-dimensional inverse Fourier
transform gives the reflectivity function. However, as indicated by
the relation betweenky andkx = [4k2 − k2

y]
1
2 , the Fourier data

lies on an irregular grid. Thus, interpolation of the data onto a
Cartesian grid is necessary before a two-dimensional inverse fast
Fourier transform. Theω − k image formation algorithm is sum-
marized in Figure 2. In the first phase multiplication,kc

y is the
center frequency of the data in they dimension. This phase shift in
the spatial domain causes theky spectrum of the data to be shifted
to baseband. The second phase multiplication in the wavenumber
domain shifts the spatial-domain data such that the center of the
reconstructed image is the scene center.
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Fig. 2. Block diagram ofω − k algorithm.

The Fourier data, in thekx − ky plane, lies on arcs which
are parts of concentric circles between radial lines determined by
the extremes of the squint angles. We have shown in [1] that as
the number of the temporal samples is increased, the interpolation
from this circular grid to a Cartesian grid becomes more accurate,
resulting in better reconstructions.

3. GENERALIZED SAR INVERSION

Performing range compression on the quadrature demodulated re-
turn signal we have the return signal in spatial coordinates as

s(x, y) =

∫ ∞∫
−∞

K(x, y − y′; x′)g(x′, y′) dx′dy′ . (2)

Themeasurement kernelis given as

K(x, y; x′) = ρ

(
2(x − r(x′, y))

c

)
e−j2k0r(x′,y) , (3)

wherek0 = ω0/c andρ(t) is the autocorrelation of the pulsep(t).
The expression for the range compressed signal is now in the form
of Fredholm integral equation of the first kind with a nonseparable
kernel. The imaging method described in [6] can be applied to
this case as given in [7] and is briefly summarized in the following
in order to point out later the computational requirements in each
step.

First we decompose (2) into a set of integral equations each
along a basis component of the x-range space of the measurement
kernel. For this purpose, we first find a basis for this subspace and
then project the measurements onto each basis component. Let this
basis be composed of vectors{γi(x)}I

i=1. Then form the product

Γ(x, z) =

∫ ∞∫
−∞

K(x, y′; x′) K∗(z, y′; x′) dx′dy′ . (4)

Basis functions{γi(x)}I
i=1 can be obtained by eigendecomposi-

tion of the discrete version ofΓ(x, z). This is a spectral represen-
tation of the measurement kernel. The number of basis functions,
I , is determined by an energy constraint on the singular values
of the discrete form ofΓ(x, z). For instance, in our simulations
we choose I to keep 99% of the energy. We project the measure-
ments and the measurement kernel onto the subspace spanned by
{γi(x)}I

i=1 as

fi(y) =

∫ ∞

−∞
γ∗

i (x) s2(x, y) dx (5)

Ki(y, x′) =

∫ ∞

−∞
γ∗

i (x) K(x, y; x′) dx (6)

and obtain the decomposition into projected measurements as

fi(y) =

∫ ∞∫
−∞

Ki(y − y′, x′)g(x′, y′) dx′ dy′ . (7)

Approximating the kernel byKi(y, x′) ≈ ∑Ji

j=1
λijuij(y)v∗

ij(x
′),

the integral can be represented in multichannel convolution form.
Let {qm(x′)}M

m=1 be an orthonormal basis for the space spanned
by vij(x

′) for i = 1, . . . , I , j = 1, . . . , Ji. Then,vij(x
′) =∑M

m=1
αijmqm(x′) and we have

fi(y) ≈
M∑

m=1

∫ ∞

−∞
zim(y − y′)pm(y′) dy′ (8)



where

zim(y) =

Ji∑
j=1

λijuij(y)α∗
ijm (9)

pm(y′) =

∫ ∞

−∞
q∗m(x′)g(x′, y′) dx′ . (10)

Solving the multichannel deconvolution problem, we obtain the
estimate of the projections as

p̂m(y′) =

I∑
i=1

∫ ∞

−∞
hmi(y

′ − y)fi(y)dy . (11)

The deconvolution filtershmi(y) can be obtained by an inversion
scheme such as regularized least squares. Then back-projection
yields the estimate of the reflectivity:

ĝ(x′, y′) =

M∑
m=1

p̂m(y′)qm(x′) . (12)

4. SIMULATIONS AND DISCUSSION

Here, we compare the reconstruction performance of the two meth-
ods under the condition that theω−k and GIM algorithms use the
same number of computations. Therefore, we first elaborate on
the computational cost of the methods. The computational com-
plexity of theω − k algorithm can be easily calculated from Fig-
ure 2. We haveNω × Ny samples of the return signal,s(ω, y).
The Cartesian interpolation grid consists ofNx × Ny points. In
the interpolation step, the number of multiplications is at most
NhNxNy whereNh is the length of the window used in the in-
terpolation. Thus, the total number of (complex) multiplications is
given byNωNa + NωNalog2Na + NωNa + NxNy(log2Nx +
log2Ny) + NhNxNy . The terms are for the first phase multipli-
cation, 1-D FFT, second phase multiplication, interpolation and
2-D IFFT, respectively. In GIM, the quantities given by (4), (6)
and (9) can be precomputed because of their dependence only on
the transmitted pulse and the data collection geometry. The com-
putation of the multichannel deconvolution filter can be done off-
line as well. Thus, the required number of (complex) multipli-
cations, once the off-line computations have been completed, is
INtNa + [(NaI + M)Nalog2Na + MNaI ] + MNyNx, corre-
sponding to (5), (11) and (12), respectively. Here,Nt is the num-
ber of spatial samples in the x-direction for the range compressed
return signal given in (2).

In the following simulations, the temporal center frequency of
the radar signal was 10 GHz and the bandwidth was 32 MHz. The
radar traveled500 m along track and illuminated a scene area of
120 m by 500 m. Considering the sampling requirements, we let
Nt = 128 andNa = 256. After running GIM for a simulation
with Nx = Ny = 128, we obtained I and M values and calculated
Nω = 6912 which makes the number of computations for both al-
gorithms equal. With that number of temporal frequency samples,
the interpolation step in theω − k algorithm is accurate [1].

Figure 3(a) shows the image reconstructed by GIM, where
the actual locations of the simulated point targets are(0, 3000),
(20, 3100), (40, 3200), (60, 3300), (80, 3400); all numbers are
in meters. Notice that the target at(0, 3000) is at the center of the
runway. For this simulation there was no measurement noise in the
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Fig. 3. Image of point targets reconstructed by (a) GIM, (b)ω − k
algorithm. No noise.

return signal. The scene center is at(60, 3200), which corresponds
to a squint angle ofγ0 = 88.93◦. The dashed line atx = 76.2
m is the edge of the FAA zone1. The corresponding image ob-
tained by theω− k algorithm is given in Figure 3(b). In theω− k
reconstruction, the sidelobes are at least 12 dB below the main-
lobe. Those for the GIM reconstruction are at least 13 dB below
the mainlobe. The reason for the variety of target positions is that
we wished to investigate the image reconstruction performance as
a function of target location, especially in the cross-track direction.
In both of the reconstructions, targets relatively far away from the
center of the runway are reconstructed at their correct locations.
For the target at the center of the runway, theω − k reconstruction
has a narrow mainlobe but it is shifted from its true location. In
the GIM reconstruction, the mainlobe peak is located atx = 0

1FAA regulations require that aircraft and vehicles maintain a distance
of 76.2 m (250 ft) from the center of the runway when they do not have
clearance to proceed to the runway.
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Fig. 4. Image of point targets reconstructed by (a) GIM for
SNR=30 dB, (b)ω − k algorithm for SNR=40 dB.

but it is much wider; hence, it is not possible to detect the loca-
tion accurately. However, in runway imaging, targets on or very
close to the runway need not be imaged with high resolution. An
indication of their existence in the FAA zone is sufficient, which
occurs in Figure 3. We notice spreading of the energy of the target
in the cross-track dimension, but this is expected since the range of
observation angles for on-the-runway targets is exceedingly small.

In runway imaging, it is critical that targets inside the FAA
zone not be imaged outside. For the reconstructions obtained by
either of the methods, this is not a problem. Also, targets outside
the FAA zone should not appear inside and cause a false alarm,
which, of course, is a less hazardous case. From the simulations,
it is seen that targets that are inside the FAA zone but not close to
the runway center are accurately imaged. Objects outside the FAA
safety zone will be imaged with even higher resolution, eliminat-
ing the possibility of a false alarm.

We also performed simulations for the case with measurement

noise in the return signal, assuming additive white Gaussian noise.
Notice that for the noisy case, the equations (1), (2), (7) and (8)
must be appended with an additive noise term. Figure 4(a) is a re-
construction by GIM for a 30 dB SNR. The weakest reconstructed
target image has sidelobes that are about 9 dB below the mainlobe.
The correspondingω−k reconstruction is not shown since the tar-
gets were not identifiable in the image. However, for a less noisy
case of 40 dB SNR, the reconstruction is shown in Figure 4(b).
The weakest target has sidelobes that are about 8 dB lower than
the mainlobe.

As seen from the above simulations, theω − k algorithm and
GIM produce comparable reconstructions for the noiseless case.
Under the constraint that both methods use the same number of
computations, interpolation in theω − k algorithm is accurate
enough so that no aberrations pertaining to the inaccuracies of the
interpolation step occur. GIM is more robust to noise as seen from
the simulations, which could be of value in some scenarios. Recall,
however, that for GIM we did not factor in some computations that
could be performed prior to data collection, off-line. If the geom-
etry for data collection is not known a priori, then these additional
computations must be performed on-line, which would greatly add
to the complexity of GIM.
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